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NON-ARCHIMEDEAN TRANSPORTATION PROBLEMS AND 
KANTOROVICH ULTRA-NORMS 


MICHAEL MEGRELISHVILI AND MENACHEM SHLOSSBERG 

Abstract. We study a non-archimedean (NA) version of transportation problems and 
introduce naturally arising ultra-norms which we call Kantorovich ultra-norms. For every 
ultra-metric space and every NA valued field (e.g., the field Qp of p-adic numbers) the 
naturally defined inf-max cost formula achieves its infimum. We also present NA versions 
of the Arens-Eells construction and of the integer value property. We introduce and study 
free NA locally convex spaces. In particular, we provide conditions under which these 
spaces are normable by Kantorovich ultra-norms and also conditions which yield NA 
versions of Tkachenko-Uspenskij theorem about free abelian topological groups. 
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1. Introduction 

Kantorovich norm [7] plays a major role in various areas of mathematics, economics and 
computer science (see [4, 6, 12, 13, 14, 20, 23, 24]), for instance, in Monge-Kantorovich 
transportation problem. The seminorms that determine the topology of the free real 
locally convex space are in fact Kantorovich seminorms (see [6, 12, 13, 20]). Uspenskij 
[22] provided a simplified formula for these seminorms. 

In this paper we deal with discrete transportation problems. In Subsection 2.2 we 
present a slightly more flexible (” democratic”) approach to the classical Kantorovich prob¬ 
lem. This approach is related to the transshipment problem. Continuing in this direction, 
in Section 3 we study non-archimedean transportation problems. Since the term non- 
archimedean appears many times in this work, we write shortly: NA. 
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In Section 4 we present an NA version of the Arens-Eells embedding (Theorem 4.3). 
We introduce the naturally arising Kantorovich ultra-(semi)norms, defined for an ultra- 
(pseudo)metric space {X,d) on free vector spaces Lf{X) via min-max formula. Theorem 
4.3 shows that for an arbitrary NA valued field F and for any u G Lf{X) the value of the 
Kantorovich ultra-(semi)norm ||u|| can be approximated as 

||u||=inf<^ max \si\d{xi,yi) : u = y^ Si{xi - Ui), x*, G supp(u), s* G F 
I l<i<k ^^ 

- i=l 

where supp(u) is the support of u (see Notation 2.1). 

Note that the analogous property in the archimedean case does not hold in general. 
Indeed, it is no longer true when F = C, the field of complex numbers, in contrast to the 
case F = M (see [5, 25] and Remark 2.3.3 below). 

The infimum in Theorem 4.3 is, in fact, a minimum. This rehnement, which comes from 
Min-attaining Theorem 5.6, provides another contrast to the archimedean case. Indeed, 
in the Appendix we give an example in which the inhmum is not attained for F = Q(f). 
Another rehnement concerns the coefficients (the G-value property), that is, it is enough 
to take the coefficients from the additive subgroup Gu of F generated by the normal 

n 

coefficients Aj of u = ^ A^Xj. Namely, we show that 
i=l 


\U\ 


min 


max \cii\d{xi,Xi) : Ci,- G F, Vi : 1 < f < n 

l<i,j<ra •’ 



ra 


i=i 



such that all coefficients Cij belong to Gu- Note that a matrix {cij) G F™^”^ satishes the 

mm mm 

equations ^ Cij — ^ Cji = A^ Vi : 1 < i < n if and only if u = ^ Cij{xi — Xj). As a 

j=l j=l i=lj=l 

particular case we get an NA generalization of the so-called integer value property (well 
known in case F = M). 

Probably one can encounter a variety of min-max optimization problems when dealing 
with the Kantorovich ultra-norms. It is worth noting that different algorithms for solving 
such problems are known (see [3] for example). 

In Section 6 we introduce the free NA locally convex spaces for NA uniform spaces. 
We describe their topologies in terms of Kantorovich ultra-seminorms (Theorem 6.2). 
We show that for an ultra-metric space {X, d) and a trivially valued field F, the free 
NA locally convex space Lf{X,hl{d)) (of the uniformity hl{d) of d) is normable by the 
Kantorovich ultra-norm induced by d (Theorem 6.5). By Tkachenko-Uspenskij theorem 
(in the archimedean case F = R) the free abelian topological group A{X) is a topological 
subgroup of L{X). Using Ostrowski’s classical theorem we prove that in case F is an 
NA valued field of zero characteristic, the uniform free NA abelian topological group 
A},!j^(X,IA) is a topological subgroup of Lf{X,hl) if and only if the restricted valuation 
on Q is trivial (Theorem 6.13). For example, this is the case for the Levi-Civita held 
(Example 6.14). 


2. Kantorovich norm 

For a nonempty set X and a held F denote by Lf{X) the free F-vector space on the set 
X. We simply write L{X) in case F = R. Dehne X := X U { 0 } where 0 ^ A is the zero 
element of Lf{X). The zero element of the held F is denoted by Op. Denote by Lp(A) the 
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kernel of the linear functional 


L¥{X) —)• F, \iXi e-7- Aj. 


2=1 


2=1 


Notation 2.1. Every non-zero vector u G Lf(X) has a normal form as follows: u = 

n 

Yh AjXi G Lf(X), where Xi G X, A* G F \ {Op} \/i : 1 < i < n and Xi 7 ^ Xj whenever 
2 = 1 

i / j. If tt G -hp(X) then define the support of u as supp(ii) := {xi,..., x^}. Otherwise, let 
supp(«) := {xi,... ,Xn,Xn+i} where x^+i = 0 . We denote by m := | supp(rt)| the length 
of the support, so m is either n or n -|- 1. The support of 0 is { 0 }. In what follows, by 

n 

writing u = Y G Lf(X) we mean that it is a normal form. 

2=1 

2.1. Classical transportation problem. Recall the following transportation problem 
from the historical work of Kantorovich [7]. Let {X,d) be a metric space and denote by 
IR>o the set of non-negative reals. Suppose that a network of railways connects a number 
of production locations xi,..., x^ G X with daily output of Ai,..., A^ carriages of certain 
goods, respectively, to a number of consumption locations yi,---,ym £ X with daily 

n m 

demand of ;Ui,..., fim carriages. So, we have Y — Y where Xi, y,j are positive. Let 

i=l j=l 

Cij denote the real number transferred from point Xj to point yj. We view the metric d as 
a cost function, and we want to minimize our total sum-cost. The value we are seeking is 


( 2 . 1 ) 


inf 


n m n m 

Cijd{xi,yj) . Cij G — y,j , ^ (Cij — Aj 

i=l 


i=l j=l 


i=i 


This inhmum is known as the Kantorovich distance in L{X) between Y Y hjUj- 

It coincides with ||tt|| where u = Y^i^i ~ Y hjVj ^ || • || is the norm defined 


n 

on L^{X) as follows. For every v = Y ^ 

2=1 


(2.2) ||x|| = inf ^ \pi\d{ai,bi) : v = 'Y^pi{ai - bi), pi G M, G X L 

i=l i=l ^ 

This norm on LP{X) is called the Kantorovich norm, [12]. If (X, d) is a pseudometric space 
then (2.1) and (2.2) dehne the Kantorovich pseudometric and the Kantorovich seminorm 
respectively. 

Let X be a Tychonoff space. Denote by D the family of all continuous pseudometrics 
on X ;= X U { 0 }. For each d G D there exists a maximal seminorm p^ on L{X) which 
extends d. We retain the name Kantorovich seminorm for pd (and for its restriction on 
L®(X)), although several authors use the name Kantorovich-Rubinstein seminorm. The 
vector M-space L{X) and the family of seminorms {pd '■ d G D} determine the free locally 
convex space over X. See Pestov [13], for example, and compare with Raikov [12] in the 
case of pointed uniform spaces. In Section 6 we study the free NA locally convex F-space 
Lf(X) of an NA uniform space {X,U). 

Equation (2.2) has a natural generalization. Let (F, | • |) be an archimedean valued 

n 

field and (X, d) be a pseudometric space. For every v = Y ^ -^f("^) define the 

2=1 
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Kantorovich seminorm as follows: 

. i i 

(2.3) \\v\\= inf ^ \pi\d{ai,bi) : v = '^pi{ai - h), pi G F,aj,6i G X 

i=l i=l 

Note that every archimedean valued field (F, | • |) is essentially a subfield of C and the 
valuation is equivalent to the usual valuation on C (see [16, p. 4] for example). 


2.2. ’’Democratic” reformulation. We wish to highlight a point that will become im¬ 
portant in the sequel. In the problem described above two disjoint sets A = {xi,..., 
and B = {yi,..., y^} are considered. The distances between the elements in each set seem 
irrelevant. Indeed, every distance which appears in Formula (2.1) is between an element 
of A and an element of B. 

Now we consider a more flexible form of the transportation problem (see also [25, p. 

n 

44]). Let Ai,..., An G M with ^ A* = 0. We have to transfer real numbers between the 

i=l 

points xi,..., Xn G X in the following way. The sum of numbers transferred from Xi minus 
the sum of numbers transferred to Xj is Aj. Let Cij denote the real number transferred from 

n n 


point Xi to point Xj. We want to minimize our cost, that is, the value of ^ ^ \cij\d{xi,Xj). 

i=ij=i 


Clearly, one may assume that cu = 0. 


As the following lemma suggests, the Kantorovich norm serves both of the approaches 
described above. 

n 

Lemma 2.2 (Democratic reformulation). If v = AjXj G L^(X), then 

i=l 

^ n n n n 

(2.4) ||u||=inf<^ '^'^\cij\d{xi,Xj) -'^Cji = Xi'Ii 

^ i=i j=i i=i i=i 


Proof. Denote by ||u||' the expression on the right hand side of Equation (2.4). We want 

n n 

to show that ||u|| = ||u||'. Let (cij) G such that Y ^ij ~ Y ^ji ~ coefficient 

1=1 1=1 

n n n n 

of Xj in ^ ^ Cijfxi — Xj) is just Y ^ij ~ S ^ji- follows that 
*= 11=1 1=1 1=1 

n n 

V = '^'^Cij{Xi-Xj). 
i=l j=l 

So, by Equation (2.2) 

Ill’ll ^ iiiiir- 

I 

On the other hand, using reductions from [22], we show that if u = ^ Pi (a* — hi) then 

i=l 

n n 

there exists a decomposition v = Y Yl ~ ^j) with 

*= 11=1 


n n I 

EE \cij\d{xi,Xj) < \pi\d{ai, hi). 

2 =1 j=l 2=1 

To see this, hrst observe that we may assume that p* > 0 VL Consider the following 
reductions which do not increase the value of the corresponding sum: 

(I) Delete any term of v of the form pi{x — x). 
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(2) If there exist two terms X{xi — Xj) and fi{xi — xj) with A, > 0 replace them with 
the single term (A + ^){xi — Xj). 

(3) Assuming the decomposition contains the term X{x — z) where z ^ supp(r;), then 
we necessarily have also a term of the form fi{z — y) where X,y>Q. We have three 
subcases to consider replacing in each case the terms A(x — z) and /u(z — y). 

(a) If X = y then replace the pair of terms above with one term X{x — y). It is 
possible since Xd{x,y) < Xd{x,z) + Xd{z,y). 

(b) If X < y, then replace the terms with X{x — y) and {y — X){z — y). The value 
of the sum does not increase since 

Xd{x, z) + yd{z, y) = X{d{x, z) + d{z, y)) + {y - X)d{z, y) > 

> Xd{x,y) + {y- X)d{z,y). 

(c) If A > ^ then replace the terms with (A — y){x — z) and y{x — y). 

This time we have 

Xd{x, z) + yd{z, y) = {X - y)d{x, z) + y{d{x, z) + d{z, y)) > 

> (A - y)d{x, z) + yd{x, y). 

Using reduction (3) the number of terms containing z decreases. Applying finitely many 
substitutions of this form and taking into account that the sum of z's coefficients in any 
decomposition of v is equal to zero, we obtain a decomposition of v with only two terms 
containing z: A(x — z) and X{z — y). Now use reduction (3.a). Therefore, we can assume 
that the decomposition only contains terms with support elements. That is, terms of the 
form X{xi — Xj) where A > 0. At this point we use reduction (2) if necessary. We obtain 

n n 

a decomposition v = ~ ) with 

i=ij=i 

n n I 

EE \cij\d{xi, Xj) E \Pi\d{(ii, bi). 

i=l j=l i=l 

It follows that ||u|f < ||u|| and we conclude that ||u|| = ||u||h □ 

Remark 2.3. 

n m 

(1) Every non-zero element v G LP{X) has the form v = ~ Y bjUj where 

i=l j=l 

n m 

Y — Y bj and Vi : 1 < i < n Vj ; 1 < j < m Oj, > 0. Using this fact one can 

i=l j=l 

move back from the democratic approach to the classical one as in Section 2.1. 

(2) Using compactness arguments one can prove that the infimum in Formula (2.1) is 
attained. By the proof of Lemma 2.2, for any minimizing matrix (qj) from (2.1) 
there exists a matrix (Uj) from (2.4) such that 

n n n n 

EE \tij\d{xi,Xj) < EE |cjj I d(xj, Xj ). 

i=l j=l i=l j=l 

It follows that the infimum in (2.4) is attained at (tij). 

(3) Replacing M with C completely changes the situation. As it follows from [5, 25], 
in the latter case of F = C we cannot even guarantee that the infimum in (2.2) can 
be approximated by computations on support elements of a vector u G L^(X). A 
detailed example is provided in the Appendix (Theorem 8.1 and Example 8.2). 
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3. Non-ARCHIMEDEAN TRANSPORTATION PROBLEM 

In this section we discuss the main object of our work: a non-archimedean transportation 
problem (NATP). First we recall some definitions. 

3.1. Preliminaries. A metric space (A, d) is an ultra-metric space if d is an ultra-metric, 
i.e., it satisfies the strong triangle inequality 

d{x,z) < m&yi{d{x,y),d{y,z)}. 

Allowing the distance between distinct elements to be zero we obtain the definition 
of an ultra-pseudometric. It is well known that if d{x, y) / d{y, z) then d{x, z) = 
max{d{x,y),d{y,z)}. 

A uniform space {X,U) is NA if it has a base B consisting of equivalence relations on 
X. For every ultra-pseudometric d on A the open balls of radius e > 0 form a clopen 
partition of A. So, the uniformity induced by any ultra-pseudometric d on A is NA. A 
uniformity is NA if and only if it is generated by a system {di}i^i of ultra-pseudometrics. 

Recall that a topological group is non-archimedean if it has a base at the identity 
consisting of open subgroups. For some properties of this class of topological groups see 
for example [9, 10]. We say that a topological ring (or field or vector space) is NA if its 
additive group is NA. Note that Lyudkovskii [8] studied NA free Banach spaces. 

A valuation on a field F is a function | • | ; F ^ [0, oo) which satisfies the following 
{x,y G F): 

(1) |x| > 0; 

(2) |a:| = 0 if and only if x = Op; 

(3) \x + y\< |x| |y|; 

(4) \xy\ = \x\\y\. 

Replacing condition (3) with |x-|-y| < max{|x|, |i/|} we obtain a non-archimedean 
valuation. In this case the metric d defined by d{x,y) = \x — y\ is an ultra-metric. 

An (NA) valued field is a field F with a (resp., NA) valuation | • |. Every NA valued 
field is NA as a topological group because every open ball {x G F : |x| < r} is a (clopen) 
additive subgroup. 

A valuation which is not NA is called an archimedean valuation. Let (F, | • |) be a 
valued field. A seminorm on an F-vector space R is a map || • || : R ^ [0,oo) such that 
(x, 2 / G R,a G F): 

(1) l|0y||=0; 

(2) \\x + y\\ < ||x|| -b||y||; 

(3) ||ax|| = |a|||x||. 

If instead of condition (1) we have: | |x| | = 0 if and only if x = Oy, then 11 • 11 is called a norm. 
If the valuation on F is NA and condition (2) is replaced by ||x -|- y\\ < max{||x||, \\y\\}, 
then the norm (seminorm) || • || is an ultra-norm (respectively, ultra-seminorm). 

Let (F, I • I) be an NA valued field. The set {|x| : |x| / 0} is a subgroup of the 
multiplicative group M>o of all positive reals and is said to be the value group of the 
valuation | • |. The value group is either discrete or dense in M>o. Accordingly the valuation 
is called discrete or dense. If the value group is the trivial subgroup {1} then the valuation 
is said to be trivial. For any non-trivial discrete valuation the value group is the infinite 
cyclic closed subgroup {afi : /c G Z} of M>o, where a := max{|x| : |x| < 1}. 

Note that discretely valued fields form a major subclass in the class of NA valued fields. 
This subclass is closed under taking arbitrary subfields, completions and finite extensions. 

The p-adic valuation on the field Q of rationals is a classical particular case (for every 
prime p). The completion is the field of p-adic numbers Qp, a locally compact NA val¬ 
ued field. The valuation of every locally compact NA valued field is discrete (see [16]). 
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The natural valuation on the field C{{T}} of formal Laurent series (which is not locally 
compact) is discrete [18]. 

Below we use several times the following well known theorem of Ostrowski (see for 
example [16, Theorem 1.2]) which shows that the p-adic valuation, up to a natural equiv¬ 
alence, is the only NA non-trivial valuation on Q. In particular, any NA valuation on Q 
is discrete. 

Theorem 3 . 1 . (Ostrowski’s Theorem) Let | • | be a non-trivial NA valuation on the field Q 
of rationals. Then there exists a prime p such that | • | is equivalent to the p-adic valuation 
I • Ip (namely, there exists c > 0 sueh that \x\ = \x\p Vx G QJ. 

The following is an important example of a densely valued NA field. 

Example 3.2. Recall that the elements of the Levi-Civita field TZ (see [19] for example) are 
real functions / : Q —)■ M with left-finite support. That is, for every rational number q the 
set Aq ;= {a < q\ f{a) / 0} is finite. The field operations are addition and convolution. 
M is (algebraically) isomorphic to a subfield of TZ. Indeed, the map a fa from M to TZ, 
where /a(0) = a and fa{x) = 0 Vx / 0, is a field embedding. 

For every non-zero element f ^TZ, the support of / (notation: supp(/)) has a minimum, 
due to its left-finiteness. Recall that TZ admits a natural NA valuation defined by [/[ = 
g-minsupp(/) non-zero /. It is easy to see that this valuation is dense. At the same 
time the restricted valuation on Q is trivial. 

3.2. Formulation of NATP. We formulate here a non-archimedean transportation prob¬ 
lem using a democratic approach (compare Section 2.2). Let F be an NA valued field, 
(A, d) be an ultra-(pseudo)metric space and x* G A for every 1 < i < n. 

We have to transfer field elements between these points in the following way. The sum 
of elements transferred from Xj minus the sum of elements transferred to Xj is Aj, where 

n 

Xi,... ,Xn are given elements in F with ^ A* = Op. 

i=l 

Let Cij G F denote the element transferred from Xj to xj. Note that by the setting of 

n n 

NATP we have Vi ^ Qj — ^ Cji = Aj. We want to minimize as much as possible our 
i=i i=i 

max-cost, that is, the value of 

max \cij\d{xi, Xj). 

A natural question arises; 

Question 3 . 3 . Is the infimum 

^ n n 

(3.1) inf < rnax \cij\d{xi,Xj) :'Ti Qj ~ Cjj = Xj 

^ j=i j=i 

attained? 

Min-attaining Theorem 5.6 implies that the answer to Question 3.3 is positive for every 
NA valued field F (e.g., Qp) and any ultra-(pseudo)metric space (A, d). 

In fact we will show in Theorem 4.3 that (3.1) can be studied via a special ultra- 
(semi)norm || • ||rf on Lf(A). We call it the Kantorovieh ultra-(semi)norm associated with 
d (Definition 4.2) because its role is similar to the role of the Kantorovich (semi)norm in 
the classical transportation problem (with F = M). Indeed, the infimum in (3.1) coincides 

n 

with ||u||rf, where u = ^ AjXj G Lp(A). 

i=l 



4. Kantorovich ultra-norms 


Let {X,d) be an ultra-pseudometric space. Consider the set X := X U {0}, where 
0 ^ X. In the sequel we repeatedly use the following simple lemma. 

Lemma 4.1. For every ultra-pseudometrie d on X there exists an ultra-pseudometric 
(denoted also by d) which extends d on X := X U {0}, such that 0 is an isolated point in 
(X,d). 

Proof. Fix xq £ X and extend the definition of d from X to X by letting d{x, 0) = 
max{d(x,xo), 1}. For more details see Claim 1 of [10, Theorem 8.2]. □ 

Definition 4.2. Let {X,d) be an ultra-pseudometric space and F be an NA valued field. 
Let us say that an ultra-seminorm p on Lf{X) is d-compatible if the pseudometric induced 
on A by p is d. We say that p is a Kantorovich ultra-seminorm for d if p is the maximal 
d-compatible ultra-seminorm on Lf(A). 

The maximal property of the Kantorovich norm in the classical non-discrete transporta¬ 
tion problem was proved in [12], and this justifies Definition 4.2. 

The Kantorovich ultra-norm jj • jj in Theorem 4.3 serves the NA transportation prob¬ 
lem described in Section 3.2. To see this observe that one of the reformulations of this 
ultra-norm {m = n in Claim 3 below) coincides with the infimum in Formula (3.1) above. 
Moreover, using the description of the Kantorovich ultra-norm one can obtain an unbal- 

n 

anced version of NATP, that is, the case u = ^ Lp(A). 

i=l 

The classical analogue of the following Theorem 4.3 is the Arens-Eells embedding [1]. 
Its usual verihcation is based on the dual space, involving the space of Lipschitz functions 
[5, 25, 6]. In our case the approach is different. If d is a metric on X, then the Kantorovich 
seminorm defined on L^{X) is, in fact, a norm. This fact relies on the classical Hahn- 
Banach theorem (see [25, Corollary 2.2.3]) which does not always hold for general NA 
Banach spaces, [18, 11]. The proof that the ultra-seminorm in the following theorem is an 
ultra-norm uses only the fact that the valuation of F is NA. Below, in Corollary 5.7, we 
show that the infimum in this theorem is, in fact, a minimum. 


Theorem 4.3. (Non-archimedean Arens-Eells embedding) 

Let (A, d) be an ultra-pseudometrie space and F be an NA valued field. 

(1) There exists a Kantorovich ultra-seminorm jj • jj := ]] • Ud on L^{X) for d. Fur¬ 
thermore, if d is an ultra-metric then jj • jj^; is an ultra-norm. 

(2) ||n|| can be computed on the support of u for every u G Lf(A). That is, 

||u||=inf<^ max lsild(xi,yi) : u = y^Si(xi - Pi), Xi,yi £ supp(u), s* G F 

- i=l 

n 

(3) Moreover, if u = (normal form) then 

i=l 


X m m -s. 

||n|| = inf < inax \cij\d{xi,Xj) : Cjj G F, Vi : 1 < i < n '^^Cij — '^cji = Aj > 

I J 

where ca = Op and m = \ supp(n)| (see Notation 2.1). 

Proof. For u £ Lf{X) define 

r ” _ 

||n|| := inf max \Xi\d{xi,yi) : n = Xfixi - m), Xi,yi G A, A* G F 

l<i<n ^^ 

- i=l 
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Claim 1: || • || is an ultra-seminorm on L^(X). 

Proof. Clearly, ||tt|| > 0 for every u G Lf{X). Since 0 = 0 — 0 we also have || 0 || < 
d{0,0) = 0 and thus || 0 || = 0. The equality ||Ari|| = |A|||ri|| follows from the fact that for 

n n n 

every A 7 ^ Of, if u = Yl “ Vi) then \u = Y - Hi) and, if Xu = Y “ Vi) 

2 = 1 2=1 2 = 1 

n 

then u = Y A~^Ai(xi — yi). Of course, we also use axiom (4) in the definition of valuation. 
2=1 

Finally, observe that 


||u -|- u|| < max{||tt||, ||u||} V tt, u G Lf(-^)- 
Indeed, assuming the contrary, there exist decompositions 

k I 


U = 


^ Ai(xi - Vi), 


2 = 1 


^ Xi{xi - Vi) 
2=fc+l 


such that 


lltt-|-ull > c := max{ max |Ad(i(xj,7/i), max lAildfe,%)). 

i<j<fc k+i<i<i 

i 

This contradicts the definition of ||rt -|- u|| since u + v = Y ~ Vi) with 

2=1 


Irt -I- u|| > max{ max |Ai|(i(xi,2/i), max \\i\d(xi,yi)} 
i<i<k k+i<i<i 


max \Xi\d{xi,yi). 
i<i<i 


□ 


Claim 2: For every u G Lf{X) the value of ||u|| can be computed on the support of u. 
That is, 


= inf i max^\si\d{xi,yi) : u = 


2 = 1 


Si{xi - yi), Xi,yi G supp(tt), s* G F 


k 

Proof. Let u = ^ Si(xi — y*) be a decomposition oi u G Lf{X). Consider the following 
2 = 1 

steps which do not increase the value of m^^ \si\d{xi,yi): 

(1) Delete any term of u of the form 0 f(x — y) or Si{x — x). 

(2) Replace the term .Si{xi — yi) with —Si{yi — Xi). 

(3) Assume there exist 1 < < n and 0 / z ^ supp(u) such that z = Xi^ or z = yi^. 

Using steps (1) — (2) we may assume without loss of generality that the terms 

k 

X(x — z) and iJ,{z — y) appear in the decomposition of tt = ^ Si{xi — yi) with 

2 = 1 

|A| < \fi\. Replace them with A(x — y) and {y — X){z — y). 

This way the number of terms in which the element 2 ; appears decreases. The 

value of the corresponding maximum max \nj\d{xj,yj) does not increase under 

l<j<k 

such a substitution, because 

m.ax{\X\d{x,y),\n - X\d{z,y)} < max{|A|(i(x, z), \y\d{z,y)}. 

Indeed, using the strong triangle inequality and the fact that |A| < |^| we obtain 

\X\d{x,y) < max{|A|(i(x, z), |A|(i( 2 ;, y)} < max{|A|(i(x, z), |^|(i( 2 ;, y)}. 

Also, assuming that \fj, — X\d{z,y) > \fi\d{z,y) we obtain |y —A| > max{|A|, |^|}, 
which contradicts the strong triangle inequality. Thus, \fj, — X\d{z,y) < \fj,\d{z,y). 
Applying finitely many substitutions of this form and taking into account that 
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the sum of z's coefficients in any decomposition of u is eqnal to zero, we obtain a 
decomposition of u with only two terms in which 2: appears: A(x — z) and X{z — y). 
These terms can be replaced by the single term \{x — y) since \{x — z)-\- X{z — y) = 
X{x — y) and |A|(i(x, y) < max{|A|(i(x, z), \X\d{z, y)}. Now the term X{x — y) and 
all other terms in the new decomposition do not contain the element 2. 

(4) Assume there exist 1 < io < n and z = 0 ^ supp(tt) such that 2; = Xi^ or 
z = yiQ- We claim that similar to case (3) it suffices to consider decompositions 
k 

u = Si{xi — yi) that contain terms of the form A(x — z) and iJ,{z — y) with 
i=l 

n 

|A| < \y\. Indeed, since z = 0 ^ supp(u) it follows that u = Yl XiU G Tp(A) 

i=l 

n 

(normal form) and ^ Aj = Op- If there exists only one term A(x — z) in which 2; 
i=l 

appears then by the previous steps we can assnme, without loss of generality, that 

k 

we are dealing with a decomposition of u of the form u = Yh yj{aj — hj) + X{ti — z), 

k 

where aj,bj G supp(tt). On the one hand, u' = Yl “ ^j) ^ 

other hand, for every i 7^ 1 the sum of the coefficients of ti in this decomposition of 
u' is equal to A*. It follows that the sum of t[s coefficients in u' is Ai and this implies 
that A = Op. So we may assume that the terms A(x — z) and y{z — y) appear in 

k 

the decomposition of n = X] Si{xi — yi) with |A| < |^|. If A = ^ we simply replace 

i=l 

these terms with the single term A(x — y). Otherwise, replace these terms with 

A(x — y) and {y — X){z — y). In any case we can say that completely similar to 

reduction (3) the number of terms in which the element 2; appears decreases. The 

value of the corresponding maximum max \fij\d{xj,yj) does not increase under 

l<j<k 

such a substitution. We apply finitely many substitutions of this form and obtain 
a decomposition of u in which all terms do not contain the element 2;. 

Using reductions (3) and (4) we complete the proof of Claim 2. □ 


n 


Claim 3: For u = Y2 

i=l 

or m = n + 1). Then, 


G Lf{X) let m 


supp(u)| (by Notation 2.1 we have m = n, 


(4.1) 


inf 


max \cii\d(xi,Xi) : Cj,- G F, \/i : 1 < i < n 
i<i,j<m 


m 


j=i 


m 


y2 — 

i=i 



where cu = Op. 


n 


Proof. By Notation 2.1, Y^ AjXj is a normal form of u. 

i=l 

jpmxm equations 


It follows that a matrix (cij) G 


m m 

Cji = Xi : 1 < i < n 

i=i 1=1 
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m m 

if and only if ii = ^ ^ Cij{xi — xj). Indeed, on the one hand the coefficient of Xi in the 
i=l j=l 
m m 

right expression is ^ij ~ ^ji all 1 < i < n. On the other hand, the coefficient of 
j=i j=i 

Xi in n is Aj. Note that by our convention if m = n + 1 then Xn+i = 0 . Since d{xi,Xi) = 0 
and Cii — Cii = Op we may assume without loss of generality that cu = Op. 

By Claim 2, ||ti|| can be computed on the support of u. If we have two terms of the 
form X{xi — Xj), n{xi — Xj) we can replace them with the single term (A + n){xi — xj) 
since |A + /u| < max{|A|, Thus, we may consider only decompositions of the form 

n n mm 

u = ^ Cij{xi - Xj), where Y) “ Y) a^d cu = Op. □ 

i=lj=l j=l j=l 


n 

Claim 4: For u = Y Yxi G Lp{X) let m = | supp(tt)|. Then, 
i=l 

ll^^ll > r ■ Iq 

where r = max{| Aj| : 1 < f < n} and Iq = m.\n{d{xi,Xj) : I < i ^ j < m}. 

Proof. Assuming the contrary let ||tt|| < r • Iq. By Claim 3 there exists a matrix (qj) G 

m m 

jpmxm g.^._ Y Cji = Xi\/i : 1 < i < n and in addition rdo > max \cij\d{xi, Xj). 

j=i j=i 

Taking into account the definition of Iq we get r > \cij\ By the definition of r there 
exists 1 <iQ <n such that r = |Ajp|. Thus, |Aj(,| > \cij \ In particular, 

IAjqI > max{ max |ci(,j|, max Icjigl}. 

l<j<m 


Applying the strong triangle inequality to the equation Y Cioi “ Y 

j=i j=i 

the contradiction 

IAjqI < max{ max \ci^^j\, max |cjjp|}. 


Aj(j we obtain 


□ 


Claim 5: i : {X,d) “—)■ (Lp(A), 1| • ||), i(x) = {x} is an isometric embedding, i.e. 

Ik - 2/11 = d{x,y) V x,2/ G X. 

Proof. If X = y the assertion is trivial so we may assume that u = x — y ^ 0. By Claim 2 
the value ||x—y|| can be computed on the support {x,y}. Using also some of the reductions 
we mentioned above, it suffices to consider only the trivial decomposition u = x — y. It 
follows that ||x — y|| = d{x,y). □ 

t 

Claim 6: ||u|| = 0 if and only if u admits a presentation u = Y Sk{xk — yk) such that 

k=l 

Xk,yk G supp(ii) and d{xk,yk) = 0 for every k G {1,...,/}. In particular, the ultra¬ 
seminorm II • II is an ultra-norm on Lp(X) if and only if d is an ultra-metric on X. 

Proof. The “if’ part is trivial. 

n 

The “only if’ part is obvious for u = 0 . Suppose that u / 0 and let u = X] AjXj be a 

i=l 

normal form of u. First suppose that u is d-irreducihle in the following sense: there are 
no 1 < f / j < m such that d{xi,Xj) = 0, where m = | supp(ii)|. We claim that ||rt|| > 0. 
Indeed, the corresponding Iq defined in Claim 4 is positive and we have ||rt|| > r • Iq. 
Clearly, r > 0 because u / 0 . So, we get that ||tt|| > 0. 
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Now we can suppose that u is d-reducible. We describe a certain reduction for u. 
Choose a pair i / j such that d{xi,Xj) = 0. Without loss of generality we may assume 
that Xi / 0. Denote wi := \i{xi — Xj),ui := u — wi. By Claims 1 and 5 we know that 
I Itci 11 =0. Hence, | |u| | = | |tt — tci 11 = 0. 

n 

► In case Xj = 0 delete the term AjXj in the presentation u = to obtain a 

i=l 

normal form of u — Wi. 

► In case Xj / 0 observe that XiXi + XjXj = Xi{xi — Xj) + (A, + Xj)xj. Replacing the 

n 

terms XiXi,XjXj in the presentation u = AjXj with the single term (A* + Xj)xj we get 

i=l 

a normal form of u — rci. 

In both cases we can then use the same reductions for ui to obtain U 2 := ui — W 2 , 
etc. Continuing in this manner we get, after finitely many steps, a vector ut such that 
11^11 = ll^ill = 0 and in the normal presentation of ut we have no pair of distinct elements 
a,b £ X such that d{a, b) = 0. That is, ut is d-irreducible. Then necessarily ut = 0. 
Indeed, if not, then as above we obtain that ||ut|| > 0. 

t 

So, Ut = 0. Hence, u = Wk- By the definition of Wk this proves Claim 6. □ 

k=l 


Claim 7: (Maximality property) Let a be an ultra-seminorm on Lf(X) such that 

(4.2) a{x — y) < d{x,y) \/x,y£X. 

Then a < || • ||. 

Proof. Let u be a non-zero element of Ly{X) and a be an ultra-seminorm which satishes 

n _ 

(4.2) . Then for every decomposition u = YY ~ Vi)-, Xi,yi G X we obtain 

2 = 1 


n 


a{u) = crC^ Xi{xi - yt)) < 

i=l 


max \Xi\aixi 

l<i<n 


Vi) < 


max \Xi\d{xi,yi). 

l<i<n 


It follows from the definition of the ultra-seminorm || • || that (j{u) < ||tt 


□ 


Combining the claims we complete the proof of Theorem 4.3. □ 

Example 4.4. Let F := Z2 be the discrete field of two elements. Note that in this case 
{L^{X), II • II), as a topological group, coincides with the uniform free NA Boolean 
group over {X,d). Indeed, this follows from the fact that Bj^j^ is metrizable by a Graev 
type ultra-norm (see [10]). 

Remark 4.5. Theorem 5.6 shows that in Theorem 4.3 we can assume, in addition, that: 

(1) The infimum in Theorem 4.3 is attained. 

(2) The coefficients ctj (in Theorem 4.3.3) belong to the additive subgroup Gu of F, 
generated by the normal coefficients A* of u. 


Remark 4.6. Using Claim 3 and additional computations we obtain a simplified version 
of Equation (4.1); 


u 


min 


max \cij\d{xi, Xj) :'^i> j ctj 

l<2<j(<m 


m 

0 , Vi : 1 < i < n E Cij 
j=i+l 


2—1 


i=i 
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5. Generalized integer value property 

5.1. G- value property for subgroups G C R. First recall the integer value property for 
the case F = R. Let d be a (pseudo)metric on X and || • || be its Kantorovich (semi)norm. 
For an element of L^{X) with integer coefficients the inf-sum cost Formula (2.1) achieves 
its infimum at an integer matrix (cij). See, for example, Sakarovitz [17, p. 179], and 
Uspenskij [22]. 

Replacing the group of integers Z with any other additive subgroup G of R we obtain a 
natural generalization. We call it the G-value property. It means that whenever we have 
an element of L^{X) with coefficients from G, the minimum in the formula is obtained at 
a matrix with elements from G. This generalized version can be proved using the tools of 
convex analysis as in [22]. 

In the sequel we prove the G-value property for the NA case. 


5.2. G-value property in the non-archimedean case. In this subsection let F be an 
NA valued field and {X,d) be an ultra-(pseudo)metric space. 

n 

Lemma 5.1. Let G he an additive subgroup of an NA valued field F. Let n = ^ AjXj G 

i=l 

Lf{X) with Xi G G Mi. Then the ultra-seniinorm ||u|| can be computed using only the 
eoeffieients from G. That is, in the formula of Theorem 4.3.2 we get 

||n|| := inf \ max \pk\d{sk,tk) : u = y^Pk{sk - tk), sufik G X, pk G G 
- k=l 


Proof. It is equivalent to show that for every decomposition u = p,j{aj — bj) there exists 

i=i 

i 

a decomposition u = Y Pki^k — tk) with pk G G Mk : 1 < k < I such that 
k=l 


max \pk\d{sk,tk) < max \pj\d{aj,bj). 
l<k<l 

By deleting any term of u of the form pj{x — x) we may assume that Oj bj Mj. If 
Pj G G Mj : 1 < j < m there is nothing to prove. So, without loss of generality, we may 
assume that pi ^ G. 

Moreover we can suppose that ai / 0 (otherwise, write the summand {—pi){bi — ai) 
instead of pi{ai — bi)). Consider the set of indices 


^ {j / 1 • = Ri V bj = ai}. 

We show that there exists j G A such that pj ^ G. If ai G supp(n) then there exists 
1 < i < n such that ai = Xj. Hence, 

Pi T ^ ^ 

jeA 

where kj = 1 if Oj = ai and kj = —I if bj = ai. If ai ^ supp(n) then 

Pi + '^kjPj = Op. 

j&A 

Since G is an additive subgroup of F, ^ G and {Op, A*} C G, we conclude that there 
exists j G A such that pj ^ G. 

Since |;Uj| = | — ;Uj|, |;Ui| = | — /Ui| we may assume, without loss of generality, that there 
exists j 1 such that bj = ai, pj ^ G and |;Uj| < \pi\. Replace the terms pi{ai — bi) and 
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— oi) with fij{aj — bi) and (^i — — bi). We show that 

max{|/ij|(i(aj,6i), |^i - Hj\d{ai,bi)} < max{|^j|d(aj, oi), |^i|<i(ai, 6i)}. 

This way we decrease the number of terms in which the element ai appears with scalar 
coefficient not from G. Since \fij\ < |/Ui| it follows from the strong triangle inequality of 
the valuation | • | that 

l/ii - Hj\d{ai,bi) < max{|;Ui|(i(ai,6i), \nj\d{ai,bi)} = |^i|d(ai, 6i) < 

< max{|^j|(i(aj,ai), \iJ,i\d{ai,bi)}. 

From the strong triangle inequality of d we obtain 

\fij\d{aj,bi) < max{\fij\d{aj,ai), \iJ,j\d{ai,bi)} < max{\nj\d{aj,ai), |^i|d(ai, 6i)}. 
Therefore, 


max{|/ij|d(aj,6i), |^i - fij\d{ai,bi)} < max{\fij\d{aj,ai), |^i|d(ai, 6i)}. 

Applying finitely many substitutions of this form to terms in which the element ai appears 
and in which the coefficients are not taken from G, we obtain a decomposition in which 
all coefficients of ai (if there are any) are from G. Repeating this algorithm for other 
elements, if necessary, we obtain a decomposition of the form 

i 

u = '^Pk{sk - tk) 
k=l 

with pk G G \/k : 1 < k < I such that 


max \pk\d{sk,tk) < 
l<k<l 


max \pj\d{aj,bj). 


□ 


n 


Notation 5.2. For every u = AjXj G (normal form) denote by Gu the additive 

i=l 

subgroup of F generated by the coefficients Aj of u. 


Observe that by the strong triangle inequality for every c G Gu we have 
(5.1) |c| < r := max{|Aj| : 1 < i < n}. 


Lemma 5.3. (NA local G„-value property) For every u = AjXj G Lf{X) we have 

i=l 


lull = inf 


^ m m 

< max \cij\d{xi,Xj) : G Gu, Vi : 1 < i < n Cij — Cji = Aj >. 


Proof. Combine Lemma 5.1 with Claims 2,3 of Theorem 4.3 taking into account the 

i 

following observation. Let u = Y Pkisk — tk) with pk G G \/k : 1 < k < 1. Since G 

k=l 

is an additive subgroup of F, each reduction appearing in the proof of Claim 2 yields a 
decomposition of the same form. That is, the coefficients in the resulting decomposition 
are from G. □ 

n 

Lemma 5.4. Let u = Y ^ LwiX). Suppose that for every positive reals a < b the 

i=l 

set Aab •= {|a:| : x E a < |x| < b} is finite. Then 


\u\ = mm 


X m m X 

< max \cij\d{xi,Xj) : Cij G Gu,^i : 1 < i < n = A* >. 
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Proof. In case ||m|| = 0 we do not need the finiteness assumption. Indeed, by the proof of 
Claim 6 of Theorem 4.3 there exists a matrix (cij) G such that 

m m 

U = ^^Cij{Xi - Xj), 
i=l j=l 

where for every i,j either d{xi,Xj) = 0 or Cij = Op. It follows that 

m m 

Cij — Cji = Xi yi : 1 < i < n 
i=i j=i 


and thus the infimum in Lemma 5.3 is attained. So without restriction of generality we 
may assume that ||tt|| > 0. We have to show that the infimum in Lemma 5.3 is attained. 
Assuming the contrary and taking into account Formula (5.1), there exists a sequence of 
matrices 

with the following properties: 

(1) yi,j,k |cf^.| < r; 

m m 

(2) VA: G N Vi : 1 < f < n c’fj - ^ji = 

1=1 1=1 

(3) max \c^Ad(xi,Xi) > max \cff^^\d(xi,Xi) >\\u\\. 

Passing to a subsequence, if necessary, we can also assume that there exists a pair of 
indices (io,jo) such that 

V/c G N ^max^\c^j\d{xi,xj) = \c'i^jJd{xi^,Xj^). 


It follows that 


V/.GN ->I4oI>I*^I>^7^^ 


> 0 . 


By our assumption the set 

A = <J |x| : X G Gu, r > |x| > 


u 


d{XiQ , Xjg) 


is finite. This contradicts the fact that the set {|cfg^g| : A G N}, being a strictly decreasing 
sequence, is infinite. □ 


By char(F) we denote the characteristic of the field F. Recall that if char(F) = 0 then 
the field Q of rationals is naturally embedded in F. 

Lemma 5.5. Let (F, | • |) be an NA valued field with char(F) = 0. Then, for every positive 
reals a < b the set {|(7| : a < \q\ < b, q G Q} is finite. 


Proof. By Ostrowski’s Theorem 3.1 the restricted valuation on Q C F is discrete. Hence, 
the set {|(7| : q G Q \ {Op}} is closed and discrete. It follows that for any positive reals 
a < b the set {|(7| : a < l^l < 6, (7 G Q} is compact and discrete and thus finite. □ 


Theorem 5.6 (Min-attaining Theorem). Let (F, | • |) be an NA valued field. Let u = 

n 

XiXi G Lf{X). Then, 

i=l 

X m m >. 

||n|| = min < max \cij\d{xi,Xj) : Cij G Gu, Vi : 1 < i < n > ^ij — \ Cji = Aj >. 

. 7=1 1=1 ^ 
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Proof. We show that Lemma 5.4 can be applied to every NA valued field (F, I'D and to 

n 

every u = G Lf{X). 

i=l 

► In case char(F) > 0 the subgroup Gu is finite, being a finitely generated additive 
subgroup of a field of positive characteristic. So, it is trivial that the set Aab from Theorem 
5.4 is finite. 

► Now assume that char(F) = 0. Instead of showing directly that the set 

Aab ■= {k| : X G Gu, a < |a:| < b} 


is finite for every positive reals a < b, we will show that it is contained in a finite subset 
Bab of M. Let 

Bab ■= {kl ■■ X gGu, a < |x| < 6} 

__ n ___ 

where Gu := ^ Q}- Since Gu C Gu we also have Aab ^ Bat- We prove the 

i=l 

finiteness of the set Bab using induction on n, the number of scalar coefficients Aj in the 
normal form of u. 

First, for the case n = 1 let u = Xx. We show that the set {|mA| : a < |mA| < b, m G Q} 
is finite. It is equivalent to show that the set {\m\ : c < \m\ < d, m G Q} is finite, where 
c = jfj, d = 1^. This set is finite by Lemma 5.5. 

n+1 n 

Let u = "v = By the induction hypothesis the set 

i=l i=l 

Cab •= {|2;| : X G Gu, a < |x| < 6} 


is finite. If 

{|x| : X G Gu \ Gu, a < |x| < 6} = 0 


there is nothing to prove. 


___ n+1 

So we may assume that there exists an element of Gu of the form t = where 

i=l 

ti G Q Vi, tn+i / 0, a < |t| < 6 and \t\ ^ Gab- It follows from Lemma 5.5 that the set 


D := {\qt\ : q GQ, a < \qt\ < b} 


is finite. It suffices to show that 

{|x| : X G Gu \ Gu, a < lx| < 6} C Gab U D. 

n+1 ___ ___ 

Let s = X] ^ Cu \ Gu and a < |s| < b. 

i=l 

We will show that |s| G Gab U D. Since s G Gu \ Gu then / 0. Since tn+i / 0, 
it follows that 3q G Q \ {0} such that qtn+i = Sn+i- Thus there exists r G Gu such that 
s = qt + r. Clearly \qt\ / |r|. Indeed, otherwise, we have |t| = ||r| contradicting the 
fact that |t| ^ Gab- So, by the basic properties of the strong triangle inequality, either 
|s| = Igt] G D oi |s| = |r| G Gab- Therefore Bab ^ Cab U D, as needed. □ 


Corollary 5 . 7 . The infimum in Theorem 4-3 is, in faet, a minimum. 

n 

Proposition 5 . 8 . For every u = ^ B^{X) we have 

i=l 

r - lo < \\u\ \ < r - li 

where r = max{|Aj| : 1 < i < n}, h = max{d(xi,Xj) ; 1 < i,j < m}, Iq = min{d(xi,Xj) : 
1 < i 7^ i < nT-} and m = \ supp(tt)|. 
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Proof. Claim 4 of Theorem 4.3 provides a lower bound r ■ Iq < ||u||. 

By Theorem 5.3 

X n n X 

||u|| = inf < max \cij\d{xi,Xj) : Cij G Gu,'^i : 1 <i <n = A* >, 


while \cij\ < r by (5.1). Therefore ||tt|| < max \cij\d{xi,Xj) < r ■ li. 


□ 


Corollary 5.9. Let u = \xi G Lif(X). Suppose that I = d{xi,Xj) for every Xi 7^ Xj G 


2 = 1 


supp(u). Then ||u|| = r ■ I where r = max{|Ai| : 1 < i < n}. 


6. Free NA locally convex space 

For the free locally convex F-spaces (where F = M or C) on uniform spaces we refer to 
Raikov [12]. Here we consider their NA analogue. Let F be an NA valued field. Recall 
[18, 11] that a Hausdorff NA F-vector space V is said to be locally eonvex if its topology 
can be generated by a family of ultra-seminorms. 

Assigning to every NA locally convex F-space V its uniform space {V,U), we define a 
forgetful functor from the category ]FLCSAr.A of all Hausdorff NA locally convex spaces to 
the category of all NA Hausdorff uniform spaces Unif^_4. 

Definition 6.1. Let F be an NA valued field and {X,U) G UnifAr.A be an NA uniform 
space. By a free NA locally convex ¥-space of {X,hl) we mean a pair {Lf{X,hl),i) (or, 
simply, Lf{X,hl) or Lf{X) when i and U are understood), where Lf(X,ZY) is a locally 
convex F-space and f : X —)■ Lf(A,ZY) is a uniform map satisfying the following universal 
property. For every uniformly continuous map (p : {X,U) —)■ V into a locally convex F- 
space V, there exists a unique continuous linear homomorphism ; Lf{X,U) — )■ V for 
which the following diagram commutes: 

{X,U)^^Lf{X,U) 

4- 

F 

A categorical reformulation of this definition is that f : X —)■ Lf(X, 22) is a universal 
arrow from {X,Vl) to the forgetful functor FLCSAr.A Unif^^. The uniformity U in the 
following theorem is obtained from the uniformity U by adding to X the element 0 as an 
isolated point. In particular, if IL is metrizable and d is the corresponding ultra-metric, 
one can extend d from X to X such that d induces the uniformity U (apply Lemma 4.1). 

Theorem 6.2. For every Hausdorff NA uniform space {X,Vl) the uniform NA free locally 
convex V-spaee exists. Its strueture ean be defined as follows. Let D be the set of all U- 
uniformly continuous ultra-pseudometrics on X ;= XU {0}. For every d £ D we have the 
eorresponding Kantorovich ultra-seminorm ]] -Jlrf on Lf{X). Then Lf(X) endowed with the 
family T :={jj-jjrf:(iG D} of Kantorovich ultra-seminorms defines the desired uniform 
NA free locally convex ¥-space whieh we denote by L^{X,U). The corresponding arrow 
i : {X,Vl) — )■ Lf(X,2/) is a uniform embedding. 

Proof. First of all, observe that Lf{X,U) is Hausdorff. Indeed, this follows by analyzing 
Claims 4 and 6 of Theorem 4.3 (or. Proposition 5.8). 
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Next we have the following commutative diagram 

{X,U) Lv{X,U) 

$ 

F 

Now we only have to show that <i> is continuous. Since 0 is isolated in {X,U) and ip : 
{X,hl) —)■ F is uniformly continuous, so is the natural extension (p : {X,U) —)■ V. By our 
assumption V has a family By of ultra-seminorms which generate its topology. Every 
p G Ty induces an ultra-seminorm cjp on Lf{X) and an ultra-pseudometric dp on X 
defined by 

crp(u) := p(^>(w)), dp{x,y) := p{(p{x) - (p{y)), 

respectively. 

Since <p : {X,U) —)■ F is uniformly continuous we have dp G D. Consider the corre¬ 
sponding Kantorovich ultra-seminorm || • ||dp on L^{X). Then ap{x — y) = dp{x,y) for 
every x,y G X. By the maximality property (Definition 4.2 and Theorem 4.3) we obtain 
II • lUp > CTp. This guarantees that p{^{u)) < \\u\\dp for every u G L^{X), which implies 
the continuity of 4>. 

Finally, note that by Lemma 4.1 and Theorem 4.3 the family T of Kantorovich ultra¬ 
seminorms generates the original uniform structure U on X = i{X) C Lf{X). Hence i is 
a uniform embedding. □ 

Proposition 6.3. Let F be an NA valued filed and K a subfield of F. Then for every 
Hausdorff NA uniform space {X^U) the natural algebraic inclusion j : Lk{X) —)■ Ly{X) 
of K-vector spaces is a topological embedding. 

Proof. Let d be a uniformly continuous ultra-pseudometric on X ;= X U {0}. Denote 
by II • 11^ and || • the corresponding Kantorovich ultra-seminorms of d in Lk{X) and 

n 

Lf(X) respectively. Let u = Y2 ^ ^k{X) C Lf(X). Then clearly Gu is an additive 

i=l 

subgroup of K and of F. Therefore by Theorem 5.3 we have ||rt||'^ = ||it||'^- Now Theorem 
6.2 guarantees that j : Lk{X) -g- Lf(X) is a topological embedding. □ 

As in the classical case of the fields M or C (see [15]) we have the following property for 
the NA case. 

Proposition 6.4. The universal arrow i : {X,hl) -G Lf(X, ZY) is a closed embedding for 
any NA valued field F. 

Proof. We have to show that X = i(X) is closed in Lf{X). Let v G L^{X) he a vector 
such that v ^ X. It is enough to find a locally convex space F and a continuous linear 
morphism ; L^{X) —)■ F such that 4>(ti) ^ cZ(4>(X)). For v = Xx with \ 1 and x G X 

consider the continuous functional 

m m 

<I> : Lf(X) ^ F, AfcXfc I—7- Afc. 

k=\ k=l 

Then 4>(u) = A ^ cZ(4>(X)) = {1}. The same <I> works for the case of u = 0. 

Now we may suppose that v = with non-zero coefficients A* and that supp(u) 

contains at least two elements from X. That is, supp(ii) = {xi,X 2 ,X 3 ,... ,Xn}, where 
xi,X 2 G X and n > 2. Define F as the 2-dimensional NA normed F-space F^ (with the 
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max ultra-norm). Since the uniform space {X,U) is NA and Hausdorff, one may partition 
it into three clopen disjoint subsets 

A = Xi U X2 U X3 


such that 
Now define 


xi G Xi,X 2 G X 2 ,Xk G A3 y 3 < k < n. 


ip : X = ¥^, ip{x) = { 


(1,0) for X G Ai 
(0,1) for X G A2 
[ (0,0) for X G A3. 


This map is uniformly continuous and is a locally convex NA F-space. Hence, by the 
universality property, there exists the continuous extension : Lp{X) —)■ V. Now observe 
that 

d>(x) = (Ai,A2) ^ cimx)) = {(1,0), (0,1), (0,0)}. 

□ 


6.1. Normability and metrizability. 

Theorem 6.5. Let F be an NA valued field with a trivial valuation, (A, d) be an ultra¬ 
metric space and U{d) be the uniformity of d. Then the free NA locally convex space 
Lf{X,U{d)) is normable by the Kantorovich ultra-norm || • ||rf. 

Proof. As in Lemma 4.1 consider the extension of d on A. Next, by Theorem 4.3, we have 
the corresponding Kantorovich ultra-norm 11 • 11. It suffices to show that if ip : (A, d) —)■ K 
is a uniformly continuous map to a locally convex space V, then the linear extension 
: (Lf(A), II • id —)■ K is continuous. Being a locally convex space the topology of V is 
defined by a collection of ultra-seminorms {pi}i^j. Clearly, (/? : (A, d) —)■ K is uniformly 
continuous. Fix e > 0 and io G I. It follows that there exists d > 0 such that pifiip{x) — 
ip{y)) < e Vx, y G A with d(x, y) < 5. Now assume that u G L^{X) with | |ii| | < 5. We prove 
the continuity of <I> by showing that piQ{^{u)) < £. By the definition of the ultra-norm 

n 

II • II there exists a decomposition u = ~yi) such that max \\i\d{xi,yi) < 6. Since 

2=1 l<2<n 

the valuation | • | is trivial we obtain max d{xi,yi) < S. It follows that 

l<2<n 

n n 

Pioi^iu)) =pi(4>(^Ai(xi-yi))) = pi(^\i{ip{xi) - ip{yi))) < 
i=l i=l 

< rnc^ \Xi\pifiip{xi) - ipiyji)) = rnax pifiip{xi) - ip{yi)) < e. 

l<2<n l<^<n 

□ 

It is known that if a Tychonoff space A is non-discrete, then A{X) is not metrizable 
(see [2, Theorem 7.1.20]). This result inspired us to obtain the following. 

Proposition 6 .6. Let {X,U) be a non-discrete NA uniform space. Let ¥ be a complete 
NA valued field with a non-trivial valuation. Then L^{X,U) is not metrizable. 

Proof. Assuming the contrary, there exists a decreasing sequence {C/njneN which forms 
a local base at 0 G Lv{X,U). Since the valuation | • | is non-trivial, there exists A G F 
with |A| > 1. In view of Theorem 6.2 (X,U) is a uniform subspace of Lf(A, 7/). By the 
continuity of the scalar multiplication it follows that there exists a sequence of entourages 
G 7/ such that A”(x — y) G Un Vx, y G En- Since 7/ is non-discrete and Hausdorff we 
can find a sequence {xn,yn) £ £n such that x^ / 2/n Vn G N and Mi < n Xn ^ {xj,?/*}. 
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Clearly, the sequence = A"'(x„ — G [/„ converges to 0. Let us show that this leads 
to a contradiction. Since {X,hl) is NA it is easy to define, by induction on n, a sequence 
{/n : u G N} of uniformly continuous functions on {X,U) with values in F such that for 
every n > 1: 


( 1 ) 

( 2 ) 

(3) 


\fn{x)\ < |A|- VxGX; 

/n(^fc) — fniVk) — fniVn) — Op V/t <C 71, 

n—1 n—1 

fn{Xn) = A"""- X; {fk{Xn)-fk{yn)) if | E (A (^n) “/fc(?/n)) | < lAl""" and = 

k=l k=l 


A "■ otherwise. 


n—1 

By (3) and the strong triangle inequality we have |/n(x„) + X] ifkixn) - fkiyn))\ > |A|“"-. 

k=l 

By (1) for every x G X the sequence of partial sums < ^ fk{x) > is Cauchy. Since 

I k=l } neN 

OO 

the field F is complete, the function / = fn well defined. From (1) it follows that 

n=l 

f is uniformly continuous, and thus it admits, an extension to a linear continuous map 
/ : Lp{X,U) —)■ F. For every n G N we have 


\f{Un)\ = \Xr-\Y.{fk{Xn)-fk{yn))\ = 

k=l 

n—1 

= |Ar • \fn{Xn) + - Myn))\ > 1^1" ' lAI"" = L 

fc=l 


It follows that the sequence {/(un)} does not converge to 0, contradicting the continuity 
of/. □ 


In contrast, note that the uniform free NA abelian topological group (Definition 
6.7) is metrizable for every metrizable NA uniform space {X,IJ) (see [10] and also Remark 
6.9). 


6.2. Free abelian NA groups and NA Tkachenko-Uspenskij theorem. Recall the 
following definition from [10]. 

Definition 6.7. Let {X,U) be an NA uniform space. The uniform free NA abelian 
topological group of {X,hl) is denoted by Aj^j^ and defined as follows; Aj^j^ is an NA abelian 
topological group for which there exists a universal uniform map i : X —)• satisfying 

the following universal property. For every uniformly continuous map ip : {X,U) —)• G 
into an abelian NA topological group G there exists a unique continuous homomorphism 
<1 > ; Aaa .4 G for which the following diagram commutes: 


{xm)^^Aj^^ 



r 

G 


Let {X,U) be an NA uniform space and EqfU) be the set of all equivalence relations 
from U. 


Theorem 6 .8. [10, Theorem 4.14] Let {X,U) be NA and let B C EqiU) he a base ofU. 
For every e G B denote by < e > the subgroup of A{X) algebraically generated by the 
set {x — y G A(X) ; {x,y) G e}. Then {< e >}e&B is a local base at the zero element of 
AmA^,u). 
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Remark 6.9. It is easy to see from the description above that if {X,d) is an ultra-metric 
space, then is metrizable. The following theorem provides a specific metrization 
which can be viewed as a Graev type ultra-norm. 

Lemma 6.10. Let {X,d) be an ultra-metric space treated as an ultra-metric subspace of 
{X,d) as in Lemma 4-1- Then Aj^j^ is metrizable by the Graev type ultra-norm defined as 
follows. For u G A{X) let 

( ” _ 

||u|| := inf max d{xi,yi) : u = y^{xi- yi), Xi,yi G X 

l<i<n ^^ 

- i=l 

Proof. Observe that for e < 1 we have Bd{0,e) =< s >, where Bd{0,s) is the open 
e-ball. □ 

Remark 6.11. Suppose that {X,hl) is an NA uniform space generated by a collection 
of ultra-seminorms {di}i^i. Then using the idea of Lemma 6.10 one can show that the 
topology of Aj^js^ is generated by the set of the corresponding Graev type ultra-norms 
{|| ■ lUilie/- So we have an analogy with Theorem 6.2. At the same time we have one key 
difference. In the description of it is enough to consider any set of ultra-pseudometrics 
which generate the uniformity U on X. 

By Tkachenko-Uspenskij theorem [21, 22], the free abelian topological group A{X) is 
a topological subgroup of L{X) (here F = M). This can be derived (as in [22]) using 
the usual integer value property and descriptions of Graev’s extension. Gonsider an NA 
valued field F of characteristic zero. It is clear that, algebraically, Aj^_^(X) is a natural 
subgroup of L^{X) since Q is embedded in F as a subfield. So, it is natural to ask for 
which NA valued fields F we have an analogue of Tkachenko-Uspenskij theorem. Theorem 
6.13 shows that this is true if and only if the valuation of F is trivial on Q. First we give 
a particular example. 

Example 6.12. Tkachenko-Uspenskij theorem is not true for the held F = Qp of p-adic 
numbers (with its standard valuation). Clearly, limp"' = Op in F. Now, let x,y G X be 
a pair of distinct points in an ultra-metric space X. By the continuity of the operations 
Un ;= p"(x — y) converges to zero in the free locally convex space Lf{X). At the same 
time it is not true in the free NA abelian group Aj^^{X), as it follows from the internal 
description of the topology of Aj^js^{X) (see Theorem 6.8 or [10]). 

Theorem 6.13. LetV be an NA valued field and {X,U) be an NA uniform space. Suppose 
also that char(F) = 0 and consider A^_ 4 (A) as an algebraic subgroup of Lp{X). The 
following conditions are equivalent: 

(1) Aj^j^ is a topological subgroup of Lf{X,l/(). 

(2) The valuation of¥ is trivial on Q. 

Proof. (1) ^ (2): If the valuation on Q is not trivial, then by Ostrowski’s Theorem 3.1 
this restricted valuation is equivalent to the p-adic valuation. Now the proof is reduced to 
the concrete case of Example 6.12. 

(2) ^ (1): By Proposition 6.3 we know that Lq{X,l/l) is a topological subgroup of 
Lf{X,l/(). So it suffices to show that is a topological subgroup of Lq{X,LI). Let 
{di}i£i be a family of ultra-pseudometrics generating the uniformity U. For every i extend 
di to X as in Lemma 4.1. Then consider the Kantorovich ultra-seminorm (Theorem 4.3) 

11 • I |(i. on Lq{X). Since the restricted valuation | • | on Q is trivial, the topology of Lq{X, U) 
is generated by the family {|| • \ \dfi\i^i. It suffices to prove the following claim. 
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Claim ; Let {X,d) be an ultra-pseudometric space, || • ||^ be the corresponding Kan¬ 
torovich ultra-seminorm on Lq{X) and || • be the corresponding Graev type ultra¬ 
seminorm on (from Lemma 6.10). Then ||rt||'^ = ||rt||"^ for every u G X{X). 


Proof. Since Z is an additive subgroup of Q, it follows by Lemma 5.1 that 

r ” _ 

||u||^ = inf < max \Xi\d{xi,yi) : u = \i{xi - m), Xi,yi G X, A* G Z = 

l<i<n ^^ 

- i=l 


inf < max d { xi , yi ) ■.u = \^ \ i{xi - yi ), Xj, yi G X, A* G Z > 

I ^ J 

inf \ max d{xi,yi) : u = '^{xi - yi), Xi, ytGX) 

V i<*<^ ^ J 


= U 


□ 

□ 


Example 6.14. Theorem 6.13 can be applied to the Levi-Civita held TZ. Indeed, as it was 
noted in Example 3.2, TZ admits a natural dense valuation. Its restriction on Q is trivial. 
We conclude, by Theorem 6.13, that is a topological subgroup of Lti{X,U) for every 
NA uniform space {X,U). 


7. Pointed version and the dual space 


Using similar techniques to those mentioned in the previous sections, one can study the 
pointed version of NATP. However, its connection to the dual space is a unique feature 
which we present below. 

Let {X,d,e) be a pointed ultra-pseudometric with a base point e. Let Lf{X) be the 
free pointed F-vector space on the pointed set {X, e). As before let 

(El n 

Ll{X) := i J] XiXi G Lf(X)| A^ = Of 
i=l i=l 


Definition 7.1. The Kantorovich ultra-seminorm is the ultra-seminorm on Lp(X) given 
by the following formula. For u G Lf{X) let 

||u|| := inf max \Xi\d{xi,yi) : u = Ai(xi - yi), Xi,yi G X, A* G F 

l<i<n ^^ 

- i=l 

It follows from the dehnition of the Kantorovich ultra-seminorm that ||x — i/|| < d{x, y) 
for every x,y G X. As in the non-pointed case we can show that | |x —1/| | = d{x, y) and 11 • 11 
is an ultra-norm whenever d is an ultra-metric. It is well known that the map x i-A x — e 
dehnes an isometric embedding of a metric space {X, d) into the classical Arens-Eells 
space. See, for example, [25, Section 2.2]. One may show that the same rule defines an 
isometric embedding of a pointed ultra-metric space {X, d, e) into (Lp(X), || • ||). For every 
pointed Lipschitz function / : X —)• F we have a canonically defined continuous functional 
Lf{X) —)• F. Moreover, for a nontrivially valued NA field F, the dual NA Banach space of 
Lf{X) can be identified with the NA Banach space Lipg of all pointed Lipschitz functions 
/ : X —7- F. We omit the verihcation which essentially is very similar to the arguments 
of [25, Theorem 2.2.2]. Note that the nontriviality of the valuation is important in order 
to ensure that every continuous functional Lf(X) —)■ F is a Lipschitz function. See [18, 
Prop. 3.1]. 
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8. Appendix 

Let {X, d) be a pseudometric space and C be the field of complex numbers. As in the 
case of reals (Equation (2.2)) define the Kantorovich seminorm on L^{X) as follows. For 
every v G L^{X) 

. i i 

(8.1) ||u|| = inf ^ \pi\d{ai,bi) : v = ^pi{ai - bi), pi G C,ai,bi G X 

^ i=l i=l 

The following was mentioned in [5, 25, 6]. 

Theorem 8.1. Support elements do not determine the Kantorovich norm for the field 
F := C o/ complex numbers. 

The following example (which appears in [5, p. 90], [25, Ex. 1.5.7, p. 18] without 
details) implies Theorem 8.1. That is, in general, the infimum in (8.1) cannot be achieved 
or even approximated by support elements. This was mentioned also in [6]. As we show 
below, one may say even more: in this example the infimum is attained outside the support. 

Example 8.2. Let X = {e,p,q,r} and d be a metric on X defined as follows: d{p,q) = 
d{p, r) = d{q, r) = 1 and d{e,p) = d{e, q) = d{e, r) = Let X = l- p + p,q + i'r^ L^{X), 
where S = {1,//, p} denotes the set of the three complex cube roots of unity. We show 
that the infimum in the definition of jjAjj cannot be achieved or even approximated by 
support elements. We also show that the infimum is attained outside the support and 
that jjAjj = |. 

(a) Since 1 + p + n = Owe have A = (p — e) + p{q — e) + u{r — e). It follows that 
||A|| < d{p,e) + \p\d{q,e) + \i'\d{r,e) = |. We will show that the minimal sum-cost 
which comes from presentations of A that include only support elements, is strictly 
larger than |. When dealing with support elements it suffices to consider presentations 
of A of the form A = Cpq{p — q) + Cpr{p — r) -|- Cqr{q — r) where Cpq, Cpr, Cqr G C. Indeed, 
this follows from the reduction rules: 

(1) Replace m{x — y) with —m{y — x). 

(2) Replace the terms m{x — y), n{x — y) with (m + n){x — y). 

If A = Cpq{p - q) + Cpr{p - r) + Cqr{q - r) then Cpq Cpr = 1, -Cpq Cqr = p, 
—Cpr — Cqr = v. So, the infimum is 

inf{|Cpq|d(p, ^) -|- |Cpj-|(i(p, r) -|- \Cqr\d{p.,r') . Cpq -|- Cpr — 1, Cpq Cqr — p, Cpr Cqr — r"}. 

Taking into account that d{p,q) = d{p,r) = d{q,r) = 1, we solve the system of linear 
equations and see that the latter expression is equal to inf (|p —1|-|-|0 —— t|). 

Finding this infimum is a simple geometrical problem since 0, p, —v are three vertices 
of an equilateral triangle in the complex plane. It follows that the infimum is equal 
to Vs. Clearly Vs > I as needed. 


(b) We will show that the infimum is attained outside the support and that ||A|| = |. We 
already know that there exists a presentation of A for which the value of the sum-cost 
is |. So ||A|| < I and it suffices to show that ||A|| > |. This is done by showing that 
for every presentation of A of the form A = Cep(e —p) + Cf.q{e — q) + c^rie — r) -|- Cpq{p — 
q) + Cpr{p -r) + Cqriq - r), where Cep, Ceq, Cer, Cpq, Cpr, Cqr G C, we have 

\cep\d{e,p) + \ceq\d{e,q) -k |cer|d(e,r) -k \cpq\d{p,q) + \cpr\d{p,r) + \cqr\d{q,r) = 


— 2^1 I I 1 I I 


+ \Cpq\ + |c vr i + jc, 


■pr\ 


-qr\ 
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We compare the coefficients of e,p,q,r in the normal presentation of A and in the 
’’new” presentation and obtain 

(1) Cep + Cgq + Cer — 0, 

(2) Cep + Cpq + Cpj- — 1, 

(3) Cgq Cpq + Cqr — /i, 

(4) Cer Cpr Cqj- — U. 

Now, using the triangle inequality and properties (2) — (4), we obtain 

2 (I ''ep I I I I '^er |) +1 Cpq \ +1 Cpr | +1 Cqr \ = 2 ^ I ~ I I I I ^ ^ 2 ^ ^ ~ I I ~ ^PQ I I ''9*’ I) 

1 1 

+ — (I Cer I 4“ I Cpr | + | Cqr |) ^ ~ (| Cep 4“ Cpg 4“ Cpr | 4“ | Ceg Cpg 4“ Cqr | 4“ | Cer Cpj- Cqr \) — 

= i(|i| + M + l>'l) = | 


We showed that in the archimedean case the infimum can be attained outside the 
support. In fact, as the following example shows, sometimes the infimum is not attained 
at all. 


Example 8.3. Let X = {p, g, r} and d be a metric on X such that d{p,q) = d{p,r) = 
d{q, r) = 1. Let F = Q{i) be the subfield of C, where Q{i) := {a + bi : a,b € Q}. We will 
show that the infimum in the definition of ||u|| is not attained in F for u = {l — i)p + iq — r. 
It suffices to show that the infimum 

inf {I Cpq I (i(p, g)4“| Cpj. I (i(p, r)4“| Cgr I d(g, r) : Cpq-\-Cpr = 1 i, Cpq-\-Cqr = i, Cpr Cqr = 1} = 

= inf(|t| 4- |t - 4- |t - 1|) 

teF 

is not attained. Since F = Q(i) is a dense subfield of C it follows that the latter expression 
is equal to ici-f(|t ~^|4-|1 — t|4-|t|). This infimum is attained at a unique point p G C 

that is the Fermat-Torricelli point of the triangle in the complex plane with vertices 0,1, i. 
One can show that p ^ Q(i). By the uniqueness of p it follows that the infimum in the 
definition of I lull is not attained in F. 


9. Some possible developments and problems 

(1) One of the most attractive directions is the study of concrete applications of NATP 
(non-archimedean transportation problem). 

(2) A natural perspective is to extend the discrete version of NATP to a continuous 
one (which in the classical case is based on measures). 

(3) It would be interesting to look for additional properties of the free NA locally 
convex F-space. 
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